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XIX. On the Conic of Five-pointic Contact at any point of a Plane Curve. 

By A. Caylby, Esq., F.B.8. 

Eeceived March 1,— Bead March 24, 1859. 

The tangent is a line passing through two consecutive points of a plane curve, and we 
may in like manner consider the conic which passes through five consecutive points of 
a plane curve; and as there are certain singular points, viz. the points of inflexion, 
where three consecutive points of the curve lie in a line, so there are singular points 
where six consecutive points of the curve lie in a conic. In the particular case where the 
given curve is a cubic, the last-mentioned species of singular points have been considered 
by Plucker and Steinek, and in the same particular case, the theory of the conic of 
five-pointic contact has recently been established by Mr. Salmon. But the general case, 
where the curve is of any order whatever, has not, so far as I am aware, been hitherto 
considered ; — the establishment of this theory is the object of the present memoir. 

I. Investigation of the Equation of the Conic of Five-pointic Contact. 

1. I take (X, Y, Z) as current coordinates, and I represent the equation of the given 

curve by 

T=(#XX, Y, Z) ro =0. 

Let (x, y, z) be the coordinates of a given point on the curve, and let Vi=.(*\x, y, %) M 
be what T becomes when (%, y, z) are written in the place of (X, Y, Z) ; we have 
therefore U=0 as a condition satisfied by the coordinates of the point in question. 

2. Write for shortness 

DU = (XB„+YB,+Z3„)U, 

D*U=:(X3,+YcV+Zo^U, 

and let n=«X+#Y+cZ = be the equation of a line. It is easy to see that 

D 2 U-n.DU=0 

will be the equation of a conic having an ordinary (two-pointic) contact with the curve 
at the point (w, y, z). In fact the equation DU = is that of the tangent at the point in 
question, and the equation D 2 U=0 is that of the penultimate polar (or polar conic) of the 
point, which conic is touched by the tangent ; the assumed equation represents therefore 
a conic having an ordinary (two-pointic) contact with the polar conic, and therefore with 
the curve. It may be added that the two conies intersect besides in a pair of points, and 
that the line joining these, or common chord of the two conies, is the line represented 
by the equation 11=0; and this being so, the constants {a, b, c) of the line 11=0 can 
be so determined as to give rise to a five-pointic contact. 
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3. Consider the coordinates of a point of the curve as functions of a single variable 
parameter ; then for the present purpose the coordinates of a point consecutive to (w, y, z) 
may be taken to be 

w-±dx-\- lcPw+%d a $-+-£gd% 

z+dz+^z+icPz+^z, 
values which, substituted for X, Y, Z, must satisfy the equations 

r=o, D 2 u-n.DU=o. 

4. I write for shortness 

"d 1 =dx 'd x -\-dy 'd s/ -{-dz 3 S , 

3 2 = d 3 xb ir -\- d^yb^+d^zb,,, 

B 3 = d 3 xb x -f d a yb y + d 3 zb s , 

'b i =d i xb^-\- d'yb^ d 4 zb s , 
then the consecutive value of T is 

exp. (3 1+ iB 2 +iB 3 +A-B 4 )TJ 
(Read exp. z, exponential of z, =e*), which is 

= (i +*,+#»+#!+ A*9 

X(l +£3 2 +1BI) 

X(l +iB 3 ) 

x(l +■&**)} 

+iB 2 +iBA+iB?B 2 

+|B S + £3,3, 
+- 2 \-B, 



>u 



>U 



= u 

+ B,U 

+ i (B?+B 2 )U 

+ i (B?+3B 1 B 2 +B 3 )U 

+-^-(Bt+6B?B 2 +4B 1 B 3 +3B|4-B 4 )U, 

the several terms of which must respectively vanish, and we have therefore 

TJ=0, 

BJJ=0, 

3 2 TJ=-3?U, 

B 3 U=-(B?+3B,B 2 )U, 

B 4 U= -(Bt+ 63^+43^3+ 3B1)U. 
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•5. Next, preparing to substitute in the equation 

D 2 U-n.DU=0, 
the consecutive value of DU is 

where 

B U= (&b a +j/b,+zb M )TJ=imU. 

Reducing by the above results, the consecutive value of DU is 

= -|9?U-i(9?+3BA)U-tL(^+6B?B 2 +4BA+3Byu. 

6. Hence also writing 

V=ax -\-hy +cz, 

d 1 ~P=adx -\-bdy -\-cdz, 

B 2 P = acPx -\-bd 2 y+ cd% 

the consecutive value of — IIDU is — (P+BiP+i|B 2 P) multiplied into the consecutive 
value of DU, and the product is 

=P. 1B 2 U 

+P.*(d«+3a.3,)U +B,P.iB 2 U 

+P.i J i 4(Bl+6^ 2 +49 I B3+3^)U+d I P.A(c)f+3BA)U+19 2 P.l^U. 

7. The consecutive value of D 2 U is 

=(x+dx+id 2 x-\-id 3 x+^d i x) 2 d lc 2 V+&c. 
= x 2 

+ 2xdx 

+ xd 2 x+ (dxf ;-B 2 U+&c. 

i* 1$ $0/ rf/~p* (ajOOQj CO 

+- 1 \xd 4 x+%dxd 3 x+i(d 2 x) 2 

= B 2 
+ 23 B, 

+ B B 2 +B 2 ^U; 

+ iB B 3 +BiB 2 
H-ABoB.+iB.Bs+iB 2 

B 2 U=m(m-1) U, 
B B 1 U= (m-lJdJJ, 
B B 2 U= (m-l)B 2 U, 
B„B 3 U= (m-l)B 3 U, 
B B 4 U= (m-l)B 4 U, 



which is 



and observing that 
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and reducing as before, the consecutive value of D 2 U is 
= _ (m-2)B 2 U 

- i [(m-l)B?+3(m-2)B 1 B 2 ]U 
- 1 i 2 -[(m-l)(BH-6B?B 2 )+(m-2)(4B 1 B 3 +3B|)]U. 

8. Substituting in the equation D 2 U — II. DU=0, we obtain as the conditions of a 

iive-pointic contact 

- (m-2)B 2 U+P.iB 2 U=0, 

_i[(m-l)B?+3(m~2)B I B 2 ]U 

+P.i(B?+3B 1 B 2 )U+B 1 P.iB 2 U = 0, 

— 1 i-[(m-l)(Bl+6B 2 B 2 )+(m-2)(4B 1 B 3 +3Bi)]U 

+P.^[Bl+6B 2 B 2 +4B 1 B3+3B 2 ]U+B 1 P.i[B?+3B 1 B 2 ]U+iB 2 P.-lB 2 U=:0 ; 

or reducing 

P=2(m-2), 

B P-* ^ 

[ Bt+6B 2 B 2 ]U 4 B^U [B? + 3B,B 2 ]U 

which are the conditions of a five-pointic contact : it is to be remarked that if only the 
first and second conditions are satisfied, we have a four-pointic contact, and if only the 
first condition is satisfied, a three-pointic contact. 

9. We have to reduce the last-mentioned equations; suppose that A, B, C are the 
first derived functions of U, then the equation BiU = may be written 

Adx + Bdy + Cdz = 0, 

and this will be satisfied identically if 

doc—Bv — Cj», 

dy=CX —Ac, 

dz=Ap— Bx, 

where X, p, v are arbitrary multipliers, which may be taken to be constants. We have 
therefore B,=I), where 

D = (Bv-C^)B,+ (C^-Ac)B,+(A^-Bx)B 2 . 

10. The resulting expressions for B 2 U, 3?U, BJU may be exhibited in the reduced 
forms given by Hesse, viz. if S=\%-\-fjt,y+»z, we have 

B 2 U=P 2 U-Q 2 y, 

B?U=P 3 U-Q 3 ^, 

B*U=P 4 U-Q 4 ^ 2 , 

where the values of P 2 , P 3 , P 4 ; Q 2 , Q 3 , Q 4 are as follows, viz. if (a, b, e, f, g, k) are the 
second derived functions of U, and if 
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H: 



be the Hessian ; if, moreover, 



a, h, g 
h, b, f 
9, /> c 



<£=■ 



X, p, v 
X a, h, g 
(* h, b, f 

» 9> /» c 

be the bordered Hessian (we may also write <E>=(^[, 33, C, #, <8>, 1?X^> /*j ") 3 > where 
(91, 25, C, #, <8>, ^) are the inverse coefficients of (a, #, c,f, g, h), viz. $=(#c— i /' 2 )&c.); 
and finally, if for shortness we write 

n=B,4> .B*<I>+B/I> .B/J>+3,<P.B„<I>, 

□ =B,H .B x cD+B^H .B^+B.H.B,^, 



then we have 



P 



?» 



m—l 

m 
m— 1 

m 



DO, 



Q 2 = 



Q 3 = 



l 



4 m—l 



md 

(m—l) 



*n, 



<x= 



(ot-1) 2 

1 

(to-1) 2 

1 



H, 

DH, 



3(m — 2). 



• , — m D 2 H— r — - lT 3 D + A — .-J H0>, 

(to— l) z (m—iy ' (m— l) d 

In the present case U = 0, and we have 

B 2 U=-QA 2 , 
B?U=-Q 3 ^ 2 , 
BtU=-Q 4 S 2 . 

11. Hence, substituting for Q 2 and Q 3 their values, the first and second of the equa- 
tions for the five-pointic contact give 

P=2(m-2), 

and observing that II is a linear function of (X, Y, Z), and consequently that P, BjP 
denote simply the values which n assumes when (#, y, z), (dxi dy, dz) are respectively 
substituted for (X, Y, Z), we see at once that these two conditions will be satisfied if we 
put 

n=|gDH+A.DU, 

where A is an arbitrary constant, or, what is the same thing, an arbitrary function of 
(x, y, z). We have thus the general equation of a conic of four-pointic contact. 

12. The above value of n gives 

B 2 P=fiB 2 H+AB 2 U, 
3 d2 
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and the third equation of the system of conditions for a five-pointic contact is therefore 

which leads to the value of A. 

13. We have in general 

3?U = -^r <J>U - r-^i H^ , 

1 to— 1 (to— l) 2 ' 

b?u =^Do.u- 7 --i TT2 DH.& 2 , 

1 TO— l"" (TO— I) 2- *' ' 

(TO— 1) V ' ' TO— 1 TO — 1 / ' 

the last two of which have not yet been demonstrated. The value of B a H (which, how- 
ever, is not required for the present purpose) is 

X tt -3(m-2) |n « 

3 2 H= n _ 1 HO+-—J&, 

which also is not yet demonstrated. 

14. Putting U=0, we have 

b?u = -^m 2 , 

(Bj+SB.a.ju^-^pDH.y, 

and substituting, 

*H a . H +(S^Tp H3 " A 

=ii(2 a , H+D -H+^ D -'-££ M ) _ J(DH)', 

where the term involving d 2 H disappears ; the equation may be written 
|^A=SH(D-H + ^0-^HO)-4 ( I>H)-, 

which I will represent by 

QjJ3a2 

^^ iy2 A=3RA-4R 3 2 , 
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the values of E 2 , R g , E 4 being 



E 4 =D 2 H 
15. We have R 2 =II, and it will be shown that 



w — 1 m— 1 



(to-1) 2 R 2 =- 9(m-2) 2 H 2 
+ 3(m-2)Hn& 
- ¥W 

(>-1) 2 R 4 =-12(to-2) 2 HO 
+ 4(m— 2) D& 

- aa 2 , 

where for shortness 

Y=(& 35, C, #, (g, H^H, B ff H, B,H) 2 , 

«=(& 35, C, #, 6, IX 3, , B,,B, ) 2 H, 
and hence writing 

9H 3 ^ A = 3R 2 (m- 1) 2 R 4 - 4(m - 1 ) 2 R 2 , 
we have 

9H 3 A=-3nH+4¥; 

or replacing fi, Y by their values, 

A=J _f-3(a,B,C,jr,#,®IB, ,B, ,B. ) 2 H.H 
9H3 | +4(3, 35, C, jf, 43, »Xa.H, B y H, BJ1) 2 

and A having this value, the equation of the five-pointic conic is 



d 2 u-(|^dh+adu)du=o, 



where it will be recollected that the current coordinates are (X, Y, Z), and that I) 
denotes XB^+YB^+ZB,,. 

16. I remark, in passing, that the problem of finding the circle of curvature at a given 
point of a plane curve, is in fact that of determining the conic having with the curve 
at the given point a three-pointic contact, and besides passing through two given points. 
The equation of a conic having an ordinary contact, is 

D 2 u-rrDu=o, 

where 

n = «X+6Y+cZ, 

and the condition of a three-pointic contact is 

ax + by -\-cz — 2(m — 2), 

Let the coordinates of the two given points be 

(#» y«» *t)f («» V* *0> 
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and let (D 2 U)! &c. be the corresponding values of D 2 U &c, then we have 

D 2 U 

aX+bY+cZ= ^f, 

and If from the four equations we eliminate a, b, c, we find 

= 



XDU, 


YDU, 


ZDU, 


D 2 U 


x , 


y > 


2 , 


2(m-2) 


x x , 


yi . 


Z( , 


/D 2 U\ 
\13Uyl 1 


X 2 , 


y* > 


S 2 5 


/D 2 U\ 
\DTj) 2 



for the equation of the conic in question ; x, y, z being the coordinates of the point of 
contact, and X, Y, Z current coordinates. 

II. Demonstration of Identities assumed in the preceding section. 
Proof of the expressions for (d*+3c\d 2 )U and (B{+6B 2 B 2 )U :— 
17. It will be remembered that c\, B 2 stand originally for 

dx ~d x -\-dy ~b y -\-dz o%, 
d 2 xb x -\-d a yd i/ -\-d 2 z'b :s , 

and that A, B, C being the first derived functions of U, dx, dy, dz are changed into* 

Be— Cft, CX— Av, A/*— BX, 
and that the resulting value of B„ viz. 

(B,-C^+(Cx-A^+(A^-BX)9 a , 
is also represented by D, so that c\=D- The corresponding values of d 2 x, d 2 y, oPz are 

d?x=» dB—pdC, 
d?y=l.dC—v dA, 

d 2 z=fjudA—XdB, 
where we have 

dA=adx-\-hdy -\-gdz, &c, 
in which dx, dy, dz are to be replaced by the values 

Be— Cp, C\— Ac, AfA—JSk; 
and B 2 really denotes what 

tPxb.+cPj/bi+ffxd. 

becomes when the above values are substituted for d% d?y, d*z. But in the expressions 
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B?U, did 2 U &c, the symbols B,., "d g , B z contained in Bj and B 2 operate only on IT, and 
not on the variable quantities A, B, C, &c. contained in Bj and B 2 . 

18. If now we treat B, as an operand, that is, perform the differentiations on the 
variable quantities A, B, C which enter into B n we obtain 

B 1 .B,=B 2 , 

or, what is the same thing, operating on B,U with 3 15 the result is 

B 1 .B 1 U=B?U+B 2 U=(B?+3 2 )U, 
and in like manner 

B i .BfU=(B?+23 1 B 2 )U, 
B 1 .B?U=(B?+3B?B 2 )U. 

It is, in fact, upon these principles that Hesse's values of BfU, BjU &c. were obtained, 
and we may by means of them obtain the other expressions assumed in the preceding 
section. 

19. In fact, starting from Hesse's equation, 

B*U = -^VMJ - 7-^rg H3>, 

1 m—l {m—iy ' 

we have 

(B!+2B 1 aju=^(Ui)*+*pu)-^ I p(DH.S'+H.2ai)»). 

But we have identically 3)U=0, D3' = 0, and this equation becomes therefore 

(B?+2B 1 3 2 )U=^ T UD*-^ T pDH.& 2 . 
But this is precisely Hesse's value of BjU, or we have BiB 2 U=-0, and therefore 
(Bf+3B 1 B 2 )U=B;U=^ I UDO- ( ^- f ^DH.^. 

20. In like manner, starting from the expression of BjU, we have 

(B{+3^0U=^(DU.D*+UD.D*)- ( -^^i5s(I)H.23-l)a+» s D.DH); 

or since DU and D& vanish identically, and the values of D-IH 3 , DJQH are B^-fD' 2 ^- 
B 2 II + B 2 H, we have 

(Bt+ 3BfB 2 )U=^- U(B,*+D'*)-(^i5i ^(B 2 H + D 2 H) ; 
and if from the double of this equation we subtract Hesse's equation, 

B?U = -^r U ( D 2 0- -^-r n) - ,—^pr, §*( D 2 H-l°-H-^=, 2) H*V 
1 m— 1 \" m—l j {m—\y \** m—l m—l /' 

we find the required relation, 

(Bt+6B?3 2 )U=^ 1 (2B 2 0-fFO + -A T n) U 

_ 7 -i- 5 (2B 2 H+D 2 H+A° _ s -<"= fi ) H *>. 

(m-iy\ * t ** ' m _i m -\ J 
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Proof of the expression for B 2 H : — 
21. We have 

B 3 H=9,H(^B-^C)+B,H(X^C-^B)+9,H(^A~XrfB), 
where 

dA = adx + hdy -\-gdz, 

dB = hdx -\-ldy -\-fdz, 

dC =gdx -\-fdy + cdz, 

in which dw, dy, dz are to be replaced by their values ; we have therefore 

B s H=o\H{ »[(iC-/B)X+(/A-AC)|»+(AB-JA>] 
-^C/C-«B^+(oA-^C>+(yB-/A>]} 
+&c, 

where the coefficient of "dJI is 

0\*+(gC-cAy+(hB-bAy 

+(2/A-^B-AC>f+(JC-/B>X+(cB- < /C)^6; 

or, since we have 

(m—l)A=ax-\-hy-{-gz, 

(m — l)B=hx-{-by-j-fz, 

(m—l)C=gx+fy-\-cz, 

the coefficient, omitting the factor - — z, which will be afterwards restored, is 
' o m — 1' ' 

OX 2 

+ [ gigx+-fy+cz)—c(ax+Ky+gz)~)ib* 

+ [ h(hx-\-by+fz)— b{ax-\-hy-\-gz)'Y 

+[2f(ax+hy+gz)—g(hx+by+fz)-h(gx+fy+cz)~]p» 
+[ Hg^+fy+cz)—f[hx+by+fz)y\ 

= Ox 2 

+ (— C«'+#s)i' 2 

+(- 0x+ %z) V K 

+ (- H^+% M 

which is equal to 

+(%k+H.[*+<B»)(Xx-\-py+»z). 
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The coefficients of B,,H, BHj, have a similar form ; and uniting the three terms, ob- 
serving that x'd x H-{-yd !/ lI-{-z"dJI is equal to 3(m— 2)H, and attending to the values of 

<I>, □ , &, we have, restoring; the omitted factor p 

2 Mi— 1 ■ m —l 

Proof of the expressions for (DH) 2 and D 2 H : — 

22. These are obtained (for the particular case to=4, which makes but little differ- 
ence) in Mr. Salmon's ' Higher Plane Curves,' pp. 88 and 89, and I merely reproduce 
his investigation ; we have 

(DH) 2 ={(B^-C^)B,H+(Cx-A y )B s H+(A^-BA)B,H} 2 , 
or, what is the same thing, 

(DH) 2 = {X(CB^-BB s )H+^(AB,-CBJH+ y (BB,- AB,)H} 2 ; 
and if we consider first the term which contains X 2 , the coefficient is 

{(CB.-BB^H} 2 . 
Now making use of the equations 

( m — 1 ) A = ax + hy -f- gz, 
(m—l)B=hx-\-by -\-fz, 

(to— 1)C =gx+fy+cz, 
and 

m(m— l)TJ=ax 2 -\-by 2 -{-cz 2 -\-2fyz-{-2gzx-{-2hxy=0, 
we have 

(to — 1 ) 2 C a = (gx -\-fy + czf — c(aaf + by 2 + cz 2 + %fyz + 2gzx-\- 2hxy) 

= -$x 2 +2ffixy-%y\ 
(m-lfBC==(hx+by+fz)(gx-\-fy+cz)-f(ax 2 +by 2 -\-cz 2 +2fyz-\-2gzx+2hxy) 

=fx 2 —<&xy—^xz+%yz, 

(m—lfW = (hx+by+fzf—b(ax 2 +by 2 +cz 2 +2fyz+2gzx+2hxy) 

= —€x 2 +2<Bxz—%z 2 ; 
and hence 

(m-l) 2 ((CB,-BBJH) 2 = . (-&r 2 + 2fcay -<% 2 )(B y H) 2 

+2(-^ 2 +#^+$^-%z)B y H.B,H 

+ (-C^+ 2<fe -^ 2 )(B,H) 2 

= - a-(3B, #, CIB.H, B,H) 2 

+2^B,H+2B s H)(lB,H+(i3 e H) 

- <%B,H+zB,H) 2 , 
and 

y3,H+*d.H=3(m-2)H-«d.H, 

MDCCCLIX. 3 E 
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so that the term is 

- * 2 (25, Jf, CXB.H, B.H) 2 

+2#(3(m-2)H-zB e H)(l|B,H+#B,H) 

-a(3(m-2)H-z3 s H) 2 ; 

or reducing 

(m~l) 2 {(CB,-BB„)H} 2 

=z-x>{% 25, C, #, 6, ©P,H, 3,H, B,H) 2 
+6(m-2)Ete(<aB,H+^B,H+<gB s H) 
-9(m-2) 2 aH 2 . 

23. The other terms may be obtained in a similar manner; and it is easy to see that, 
collecting all the terms, the sum will be 

-(to +M ,+«0»(g, 35, C, #, #, m*M, B,H, B,H) S 
+ 6(m-2)H(Atf+ W +^){(^+^+<^^ 
-9(m-2) 2 H 2 (0, 3B, C, #, <g, ©IX, p, 2 ; 

or, attending to the signification of the symbols 9-, O, D , Y, we have 

(m-l) 2 (DH) 2 = - 9(m-2) 2 H 2 0> 

"f^ 

24. Next, 

or, what is the same thing, 

D 2 H= {x(CB,-BB,)+KAd,-CB,„)+<BB,-AB x )} 2 H ; 
and if we attend first to the term which contains X 2 , the coefficient is 

(CB,-BBJ 2 H. 
Now substituting for C 2 , CB, B 2 as before, we have 

(m-l) 2 (CB,-BB,) 2 H= (- $cf+2ftxy -% 2 )B 2 H 

+ (- €x*+Wxz -^ 2 )Bpi 
= -^(23,#,CIB„B,) 2 H 
+2%B,+ Z B,)(SB,+#3,)H 

where it is to be observed that the symbols of differentiation affect H only. We have 

O/B.+^H^^+^+^H 

— 2(xb x -\-yd y +zd x )xb„Il 
+ WH, 
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where H is a homogeneous function of the degree 3m— 6; xdJEL, since the x is not 
affected by the differentiation, must be treated as of the degree 3m— 7, and (sb^H, 
for the like reason, stands for # 2 o^H ; we have 

(yB y +^) 3 H=(3m-6)(3m-7)H 

-2(8m-7>B - H 
In like manner, 

=(a ? B.+yB,+«B.)^,+03.)H-^^S,+6a.)H 

=(3m-7)(^+<§B s )H-^(^+^)H; 
and hence 

(to-1) 2 (CB,-BB,) 2 H 

+24(3m-7)(^+#BJH-^(lB,+(gB y )H] 
-^[(3m-6)(3m-7)H-2(3m-7>B,H+^B 2 H] 
= -oc\% 23, C, #, <g>, m^ B r B,) 2 H 
+ 2(3m-7>(gB 4 .+lB,+<gBJH 
_(3m-6)(3m-7)9[H. 

25. The other terms are formed in a similar manner; and collecting all the terms, we 
have 

(m-l) 2 D 2 H=:-(3m-6)(3m-7)(9l, 25, C, #, 6, SB, ^ >) 2 H 

-(te+W+nnZ, 23, C, #, 6, ®XB„ d„, B S ) 2 H, 
or, attending to the signification of the symbols 9-, O, □ , O, this is 
(to- 1) 2 D 2 H= - (3m- 6)(3m- 7)HO 
+(3to-7)SD 

-m 2 . 

Proof of the expressions for (to— 1) 2 B|, (to— 1) 2 R 4 : — 

26. We have 

(to-1) 2 R 2 3 =(to-1) 2 (DH) 2 

= -9(to-2) 2 H 2 <D 
+ 3(to-2)HD& 

(TO-l) 2 R 4 =(TO-l) 3 D 2 H+(m-l)^D-(3TO-6)(TO-l)OH 
= _12(to-2) 2 H0> 
+ 4(to— 2)aa 

which are the expressions required. 

3e2 
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Proof of corresponding expressions for (to— 1) 6 Q 2 , (to— 1) 4 Q 4 : — 

27. We have 

(to-1) 6 Q 2 :=(to-1) 2 (DH) 2 

= -9(to-2) 2 H 2 <I> 
+ 3(m-2)Hm 

(m-l) 4 Q 4 =(m-l) 3 D 2 H-(m~ipn+(3m-6)(m-l)HO 
= -6(to-2)(to-3)H<I> 
+2(to-3)D& 

-ay. 

To which I join 

(to-1) 2 Q 2 =H. 

28. We have consequently 

(TO-l) 6 (3aA-Q3)^-9(m-2)(m-4)H 2 

+ 3(m-4)HDS 

+ (-3aH + ^)3- 2 , 
and 

( m _l)6(8( m _2)Q 2 Q 4 -2(m-3)Q 2 )=(-3(m-2)aH+2(m-3) 1 F)y, 
which for to=4 become 

729(3Q 2 Q 4 -Q 2 )=(-3nH+¥)S 2 . 

29. In the case to =4, we have Hesse's theorem, that the equation 3QaQ 4 — Q 3 =0 
gives a curve of the 14th order, which passes through the points of contact of the double 
tangents, viz. substituting for 12, *¥" their values, the equation of this curve is 

-3H(<3,3S,C,#, &&&, >*, ,^H 
+ (<H, », C, #, <g, HB,H, B,H, B,H) 2 =0. 

I have added these remarks for the sake of pointing out the striking resemblance of the 
expressions which occur in the double-tangent problem for to =4, and in the present 
theory of the five-pointic conic for any value whatever of to. It has not hitherto been 
shown what the expressions 3(to— 2)Q 2 Q 4 — 2(to— 3)Q 2 and — 3(to— 2)OTI+2(to— 3)"*" 
respectively denote, except in the particular case to=4. 

III. Application of the Formula? to the Cubic. 

30. I shall apply the formula for the five-pointic conic to a cubic ; to avoid confusion 
to a numerical factor, I write U', H' in the place of U, H, so that we have 

K=z J_\-K^^^f'®iWi^ ,B, ,3*) 2 H'.H') 
9H ' 8 i+4(i3, 35, C, f, 0, iXo-Jl', 3,11', B,H') 2 J' 



CONTACT AT ANY POINT OP A PLANE CURVE. 385 

and then the equation of the five-pointic conic is 

D*U'~f(|j,DH'+ ADIT') DU'=0. 

I take as the equation of the cubic, 

1J=x 3 -\-y 3 -\-z 3 -\-Qlxyz=0 ; 
the formulae Table No. 70 of my Third Memoir on Quantics*, putting H for HU, give 

~tt=P(x 3 +y 3 +z 3 )-(l + 2P)xyz. 
Hence writing 

V'=i(x 3 +y 3 +z 3 +6fayz), 
the first derived functions are 

±(a?+2lyz), i(tf+2lzx), 1(^+2%); 

the second derived functions, or {a, b, c,f, g, h), are (x, y, z, fa, ly, Iz), whence H'= — H ; 
the inverse coefficients (% 3$, C, ffi, 0, 3§) are 

(yz — Px 2 , zx — Py 2 , xy — Pz 2 , Pyz — fa 2 , Pzx — ly 2 , Posy — lz 2 ) ; 

and putting U'=|-U and H'=— H, we have 

A= _ if -3(3, 3, €,f, &,%&. ,B, ,B S )*H.H 

§E * 1 +4(3, B, C, #, #, iXB,H, B,H, B,H) 2 

and the equation of the five-pointic conic is 

D 2 U- (fgDH+iADlAl)U=0. 

(33, C, #, <§, 1IB„ B f , B,) 2 H 

= (yz— Px 2 ).QPx 

+ (zx-Py 2 ).6Py 

+ (xy—Pz 2 ).6Pz 

+2{Pyz-lx 2 ).-(l+2P)x 

+2{Pzx-ly 2 ).-{l + 2P)y 

+ 2(Pxy-lz 2 ).-(l+2P)z, 
which is 

= 18Payz~ QP(x 3 +y 3 +z 3 ) 

-6P[l + 2P)xyz+2l(l+2P)(x 3 +y 3 +z 3 ) 

= (12P-12P)xyz-{-(2l~2P)(x 3 +y 3 +z 3 ) 

— 2(?-^)(^ 3 +/+^+6%2!), 
or we have 

(3, <B, C, jf, 6, iXB„ B r BJH=-2S.U, 

where S is the quartinvariant (see the Table No. 70). For the present purpose U=0, 
and consequently 

(3, B, C, #, #, ®IB„ B r B e ) 2 H=0. 

* Philosophical Transactions, vol. cxlvi. (1856), pp. 627-647. 
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32. Next, 

(& <B, €, f, <§, ffljb&, 3,H, BJS) 
= (yz-Px*)[3Px 2 -(l + 2P)yzJ 
+ (zx- Ptf) [Sty - (1 + 2P)zxJ 
+ (xy-Pz 2 )[SPz 2 -(l+2P)xyJ 

+ 2Pyz( - &»)[3Zy- (1 + 2P>a?][3ZV- (1 +2?>y] 

+2(Z 2 ^-^ 2 )[3f2 2 -(l+2^j/][3ZV-(l+2^z] 
+2(/%-fe 2 )[3^V-(l+2^2][3/y-(l+2^ ; r], 

the first three lines of which are 

9Pxyz(x 3 +y 3 -\-z 3 )~18P(l +2P)x 2 y 2 z 2 +(l +2P)%y 3 z 3 +z 3 x 3 +x 3 y 8 ) 
- 9P(x 6 +y 6 +z 6 )+QP(l+2P)xyz(x 3 +y 3 +z s )~m 2 (l+2P) 2 xyz 2 ; 

or collecting and reducing, 

(-9P )(x 5 +f +z 6 ) 

-f(l+4Z 3 + 41 s )(y 3 z 3 +z 3 x 3 +x 3 y 3 ) 

+ ( 15P+12P )0 3 +y» +2 3 >F 

_j.(_21P-48P-12?') atyV; 

the second three lines are 

18l%fz 3 +z 3 x 3 +xy)-12lXl+2P)xyz(x 3 +y s +z 3 ) + GP(l + 2Pyxyz 2 
-5U 5 xyz 2 +l2P(l+2P)(y 3 z 3 +z 3 x 3 +x 3 y 3 )-2l(l-\-2P) 2 xyz(x 3 +y s +z s ); 

or collecting and reducing, 

(12P+4:2P )(fz 3 +z 3 x 3 +xy) 

+(-2l-20l i -32P)(x 3 +f +z 3 )xyz 
+(6P-30Z S +24P) x 2 fz\ 
Hence in the first part replacing the top line by 

- 9P(x 3 +y 3 + z 3 ) 2 + 1 %P(y 3 z* +zV +x 3 y% 
and uniting the two parts, we find 

{% 25, C, jf, <g, HB.H, B,H, B,H) 2 

+(-9Z 6 )(^ 3 +y» +z 3 f 

+ (_2Z-5^-20Z ? )(# 3 +y» +z 3 )xyz 
+ (-lbP-m i +12P) ot?fz % ; 

and referring to the Table No. 70, and writing for 0TJ, we have 

(3, 33, C, ffi, 0, 1IB.H, B y H, B,H) 2 =0, 
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where is the first of the three functions which may be chosen to represent the 
octicovariant of the cubic. 

33. We have thus A _ A @_ 

and thence 



D 2 U- (ftgDH—A- |- 8 Du)dU=0 



as the equation of the five-pointic conic : the investigation has been conducted by means 
of the canonical form of the equation of the cubic, but the form of the result shows 
that it applies to the equation of the cubic in any form whatever, 

34. If, however, we continue to represent the cubic by the canonical equation 

x 3 -\-y 3 -\-z 3 -\- 6fayz= 0, 
the result may be further reduced. We have, putting U=0,or writing x 3 ~\-y 3 -\-z 3 = — Qhi-i/z 

K=-(l + 8l 3 )xyz; 
moreover, putting U=0, the Table No. 70 gives 

Q=(l+8l 3 Y(fz 3 +zV+xy)-~3l 2 W ; 

or substituting for H the last-mentioned value, and putting for shortness 

Q=y 3 z 3 -\-z 3 x 3 -{-off— 3£V#V, 
we have 

®=(1 + 81JQ; 

and with these values of H and Q, the equation of the five-pointic conic is 

D3U +(* (ir^ DH -^(T4^wDu)DU=0, 

where 

DU = 3 { 2 + 2lyz)?L-\-(f +2fea?)Y+(«*+ 2%)Z} 

D 2 U=6{(X 2 +2^Z>+(Y 2 +2ZZX)y+(Z 2 +2ZXY>}, 

or, as it will be convenient to write it 

= 6(x, y, z, fa, ly, IzJIL, Y, Z) 3 , 
DH=(3ZV-(l+2^z)X+(3Zy-(l+2^ 3 )za;)Y+(3^V-(l+2^).^)Z; 

whence, finally, the equation of the five-pointic conic of the cubic 

X 3 +Y 3 +Z 3 +6£XYZ=0 
at the point (x, y, z) is 

9(l + 8Z»)atyV(a?, y, z, fa, ly, IzJX, Y, Z) 2 

+ {(x*+2!yz)X+(y*+2lzx)Y+(z*+2fay)Z} x 

( 3aY«»[(3?a»--(l + 2P)y«)X+(3«y-(l+2?)a3r)Y+(3P« , --(l+2P)^)z] ] 
[ -Q[(a?+2ly Z )K+(f+2lzx )Y+(2 2 +2% )Z]|' 

a result which I had previously obtained by a special method. 

35. But the expression may be exhibited in a different form by a transformation 
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suggested by a geometrical theorem of Mr. Salmon's. In fact the tangent at the point 
(#, y, z) meets the cubic in the tangential of this point, and the coordinates of the 
tangential are x(y 3 — z 3 )+y(z 3 — x 3 ), z(x 3 — y 3 ). Calling these f, n, I, the equation of the 
tangent to the cubic at the tangential is 

(r+2^)x+(^ 2 +2^i)Y+(r+2^)z=o. 

Now we have identically, 

3^v{ (3ZV - (1 +2P)yz)X+ (3Zy~ (1 + 2P)yz) Y+ (3 JV- (I + 2l 8 )zx)ZJ 
-Q{(x 2 +2lyz)X+(y 2 +2lzx)Y+(z 2 +2lxy)Z} 

+ V{x 2 (-y 3 -z 3 +2lyz)X+y\-z 3 —x 3 +2lzx)Y-{-z 2 (—x 3 — f+2txy)Z}„ 
In fact this relation will be true if only 

3^V(3^ 2 - (1 +2l 3 )yz) -Q(x 2 +2lyz) -(f +2l n t) 
=.Vx%—y 3 -z 3 +2lyz). 
And substituting for f, q, Z, and Q their values, the left-hand side is 

3x 2 y 2 z 2 (3l 2 x 2 - (1 -\-2l 3 )yz) 

—x 2 {f-z 3 f 
—2lyz(z 3 —x 3 )(x 3 —y 3 ) ; 
and expanding and reducing, the result is 

x 'i-(y 3 +z 3 T -a?% 3 +2 3 ))+2^(-2^(^+^)+a,' 6 ) +12£V#V ; 
whence, dividing by x 2 , the equation becomes 

-(y 3 +z 3 )(x 3 +y 3 +z 3 )+2lxyz(x 3 -2(y 3 +z 3 ))+12Pxyz 2 
= (-.f^. z ^2lyz)(x 3 +y 3 +z 3 +6lxyz), 
which is identically true. 

36. Hence in the identical equation putting U=0, we see that the equation of the 
five-pointic conic may be written 

9(l+8Z>y* 3 (>, y, *, lx, ly, feX x > Y, Z) 2 
+ {(x 2 +2lyz)X+(y 2 +2hx)Y+(z 2 +2lxy)Z} x 
{(? +2kl)X+(tf +21H )Y+(?+2& )Z} 

where ?, n, I stand for x(y a —z a ), y(z 3 —x 3 ), z(x 3 —y 3 ), the coordinates of the tangential of 
the given point, and which puts in evidence the geometrical theorem above referred to, 
viz. 

Theorem.. — The common chord of the five-pointic conic and the polar conic is the 
tangent to the cubic at the tangential of the given point. 
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37. The five-pointic conic meets the cubic in the point of contact, considered as five 
coincident points, and in a remaining sixth point or point of simple intersection. The 
process by which I originally obtained the equation of the five-pointic conic, led also to 
the equation of the line joining the point of contact with the point of simple intersec- 
tion : the equation of this line is 

f X^((l + 8r> 4 +(4Z+41^>y + (-2Z 2 +2Z%V) ' 
9x 3 y 3 z 3 \ + Yy ((1 + 8Py +(4Z+ ill i )y 2 zx + (-2l 2 +2l*)zW) 
[ +Zz ((l + 8l 3 y + (U+4:ll i yxy+(-2l !! +2F)xy) j 

-6Q^yz 2 {x(3ZV-(l + 2^)«/z)+Y(3Zy-(l+2^>a;)+Z(3^V-(l + 2^)^)} 
+ Q 2 {X(x*+2lyz)+Y(y 2 +2lzx)+Z(z 2 +2lxy)} = 0. 

38. If the conic meet the cubic in six coincident points, that is, if the point of contact 
be a singular point of the kind already spoken of, or, as we may term it, a sextactic point, 
then the last-mentioned line must coincide with the tangent at the point. Represent 
for a moment the equation of the line by 

AX+BY+CZ=Q, 

then this line is to coincide with the line 

(x*+2lyz)lL+(y 2 +2lzx)Y+(z 2 +2lxy)Z=0, 
or we must have 

B(z 2 +2lxy)-C(y*+2lzx)=:0, 

C(x 2 +2lyz)-A(z 2 +2hy)=0, 

A(y 2 +2hx)-~B(x*+2lyz)=0, 
which must be equivalent to a single condition. The terms of A, B, C, which contain 

x*-\-2lyz, y 2 -\-2lzx, z 2 -\-2lxy 

respectively, may, it is clear, be omitted, and omitting also a factor 2>x' 2 y 2 z z , we may write 

A=3^((l + 8Z 3 > 4 +(4?+41^>>+(-2^+2^V)-2Q(3?V-(l+2% Z ), 

B==3^z((l + 8/ 3 y+(4^+41% 2 z^+(-2^+2?)zV)-2Q(3Zy-(l+2/ 3 > i r), 
and the like value for C. The last of the three equations is 

f (f+2hx)((l + Sl 3 y+(U+&ll i )x a yz+(-2l 2 +2l*)xifz 2 )\ 

oxyz | > 

{-(x 2 +2lyz){(l + 8l 3 )f+(il+4:ll i )y 3 zx+(-2P+2P)yz 2 x 2 )\ 

-2Q{ (y 2 +2lzx)(3Px 2 -(l + 2l 3 )yz)-(x 2 +2lyz)(My-(l + 2P)zx)\ 
= 0, 

where the function on the left hand is 

(1 + 8F)(*y — x 2 f + 2l(x 6 z- ifz)) 
— 3xyz> +(4^+41Z 4 )2Z(^> 2 —xfz 2 ) 
.+(-2P+2P)(xy i z* — x'yz 2 ) 
-2Q {-(l+2P)(fz-x 3 z) + 6P(x 3 z-y 3 z)}, 

MDCCCLIX. 3 F 
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or, what is the same thing, throwing out the factor 2, it is 

= { 3(1 + 8l 3 )x 3 y 3 + 6Z(1 + $l 3 )xyz(x 3 +y 3 ) + 30Z 2 (1 + Sl 3 )x*y 2 z 2 } (a? -f) 

-2Q(l + 8^-^); 
or throwing out the factor (l-f-8/ 3 ) and substituting for Q its value, it is 

= {Sx 3 y 3 +Qlxyz(x i +y 3 )+m 2 xyz 2 — 2(y 3 z 3 +z 3 x s +x 3 y 3 — 3Px 2 y 2 z 2 )}(x 3 — f). 
The first factor, reducing by the equation x 3 -\-y 3 -\-z 3 -\-%lxyz, is 

-2, x 3 y 3 -(x 3 +y 3 ){x 3 +f+z 3 )-\-(x 3 +y 3 +z 3 ) 2 —2{ii 3 z 3 -\-z 3 af+x 3 y 3 ) 
=.^x 3 y 3 -\-z 3 (x 3 -\-y 3 -{-z 3 )—2(fz 3 -\-z 3 x 3 -\-x 3 y 3 ) 
= z 6 —z 3 (x 3 -\-y 3 )-\-x 3 y 3 
= (z 3 —x 3 )(z 3 —y 3 ). 

39. Hence putting for the moment 

u=(y 3 —z 3 )(z 3 -x 3 )(x 3 -y 3 ), 

it appears that the last of the three equations is Ma=0; the first and second are of 
course Mx=0 and My=0, and the required condition is M=0, that is, 

(y 3 —z a )(z 3 —x 3 )(x 3 —y 3 )=Q, 
the equation which, combined with the equation of the curve 

^ 3 + y 3 + 2 3 + 6 Ixyz = , 
gives the sextactic points. There are consequently twenty-seven such points, and it is 
at once seen that these are the points of contact of the tangents to the cubic from the 
points of inflexion, or, what is the same thing, that the twenty-seven sextactic points form 
nine groups of three each, such that the three points of a group have for their common 
tangential one of the nine points of inflexion. In fact, let &> be a cube root (real or 
imaginary) of unity, the three sextactic points of one of the groups will be given by 

J x-mj =0, 

\x 3 +y 3 +z 3 +6lxyz=0. 
Now consider the tangential of any one of these points, its coordinates are 

x x =x{f — z 3 ), 

y^=y{z s -oc 3 ), 

z 1 =z(x 3 —y 3 ); 
or, reducing by the equation x—&>y=0, x 1 =aiy(x 3 —z 3 ), y 1 = —y(x 3 —z 3 ), z, = 0, or, what 
is the same thing, iP 1 +»«/ 1 = 0, ^ = ; that is, the point (#,, y„ z x ) is one of the points of 
inflexion. This is the construction of the sextactic points obtained by Pluckbr and 
Steinek. 

40. Reverting to the equation of the line joining the point of contact of the five- 
pointic conic with the point of simple intersection, this meets the cubic in a third point, 
and Mr. Salmon has shown that this third point is in fact the second tangential (tan- 
gential of the tangential) of the point of contact, or, what is the same thing — 
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Theorem. — -The point of simple intersection of the cubic and the five-pointic conic is 
the third point of intersection with the cubic, of the line joining the point of contact 
with the second tangential of this point. 

41. I have not sought to verify this theorem by my formulae. I remark, that com- 
bining it with the before-mentioned theorem, the five-pointic conic is completely deter- 
mined as follows ; viz. — 

Theorem. — The five-pointic conic touches the conic at the point of contact (two con- 
ditions) ; it passes through the two points in which the polar conic is intersected by the 
tangent to the cubic at the tangential of the point of contact (two conditions) ; and it 
passes through the point which is the third point of intersection with the cubic of the 
line joining the point of contact with its second tangential. 

42. The construction for the point of simple intersection leads at once to that for the 
sextactic points ; in fact, consider a point having for its tangential a point of inflexion : 
a point of inflexion is its own tangential, and the second tangential of the first-men- 
tioned point is therefore the point of inflexion : the line joining the point with the 
second tangent is therefore the tangent at the point, and the point of simple intersec- 
tion coincides with the point itself, that is, the point in question is a sextactic point. 

43. I represent the equation of the five-pointic conic by 

(a,b,c,f,g,hXX,Y,Zy=0; 



the value of a is 



in which equation 



= 9(l + 8f)#yz 3 

+3xyz 2 (3l 2 x 2 -(l+2l 3 )yz)(x 2 +2lyz) 
-Q(x 2 +2lyzf, 



Qz=y 3 z 3 -j-z 3 x 3 +xy—5l 2 xyz 2 ; 

or reducing by the equation x 3 -\-y 3 -\-z 3 -\-Qlxyz=0, 

=y 3 z 3 -{-x 3 (—x 3 —Qlxyz) — 3Pxyz' i , 
that is, 

-Q=x 6 + Qlx 4 yz + U 2 x 2 y 2 z 2 -y 3 z 3 , 
and we have 

a=9(l+$l 3 yy 3 z 3 

+ 3xyz 2 {SPx i +(-l + 4:l 3 )x 2 yz-2l(l+2l 3 )y 2 z 2 ) 

+(«*+ Ux'yz + BPx 2 y 2 z 2 -y V)(# 4 + ilx 2 yz + U 2 fz 2 ). 

We have in like manner 

2f=18(l + 8l 3 )lxyz 3 

+ 2,x 2 y 2 z 2 {{%Pf- (1 + 2P)zx)(z 2 + 2%) + (3ZV - (1 + 2P)xy) (y 2 +2lzx)} 

—2Q(y 2 +2lzx)(z 2 +2lxy) ; 

the coefficient of 3^ 2 j/V in the second line is 

=Qiyz 2 +(-l+il 3 )x(f+z 3 )-U(l+2l 3 yyz; 
3f2 
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or reducing by the equation of the curve, 

= (1 - U 3 )x i +{21- 32Z 4 »+ 6tyV. 
And the coefficient of — 2Q is 

=«/V+2/% 3 +z 3 )+4^z ; 

or reducing by the equation of the curve, 

= -2lx*-8Pa?yz+fz\ 
And we have 

2f =181(1 +8l 3 yfz 3 

+ 3#yz 2 ((l - U 9 y+(2l- 32l 4 yyz + 6PyV) 
-f 2(x 6 + 6 fcptys + 3Pxyz*—fz 3 )( —2loc i - SPafyz +tf#) . 
Reducing the expressions of a and 2/, we find for the coefficients (a, b, c, f, g, h), 
a= x lo +10h s yz+m 2 wYz 2 +(5-\-120l 3 yfz 3 -10lxyz 4 —4:iyz b , 



2/==-4k 10 -40^y+(5-120Z 3 >y2 2 +40^yz 3 +8^yz 4 -2^V, 



which gives the completely developed form of the equation of the five-pomtic conic. 

44. I investigate the coordinates of the point of simple intersection of the cubic and 
the five-pointic conic as follows : the equations of the two curves are 

X 3 +Y 3 +Z 3 +6ZXYZ =0, 

(a,l,c,f,c,,hXX,Y,Zy=0; 
or if we write 

<*=1, A=c, 

y=QIXY, B=2foX+/Y), 

S=X 3 +Y 3 , C=aX 2 +2£XY+&Y 2 , 

then the two equations are 



uZ 3 +yZ +1 =0, 
AZ 2 +BZ+C=0, 
and the result of the elimination of Z will be 

( a Z 3 +yZ 1 +B)( a Z 3 +yZ 2 +S)=0, 
where Z n Z 2 are the roots of the equation AZ 2 +BZ-f C=0 ; that is, we have 

a 2 C 3 "> 

+ay C(B 2 -2AC) 
+ «S(-B 3 +2ABC) 
+y 2 CA 2 
— yb BA 2 
+B 2 A 3 



= 0. 
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And substituting for A, B, C their values, but attending only to the terms which involve 
X 6 and Y 6 , the result is 

(a 3 +c 3 -8g 3 +6acg)X 6 +-.+(b 3 +c s -8f+6bcf)Y 6 =0> 

45. But the result of the elimination must obviously be 

(Xy-Y^(X yi -Y^)=0, 

if (#,, y t , Zi) are the coordinates of the point of simple intersection. Comparing the 
two results, and forming the analogous third equation, Ave may write 

^ Xl= b 3 +(f — 8f+6bcf, 

V% =c 3 +a 3 —8g 3 + Qcag, 

z B z t =a 3 +b 3 —8h 3 +Qabh, 

where the value of x b x x may also be written (b-\-c— 2f)(b-\-cw— 2ca 2 f)(b-{-ca 2 — 2uf), 
u being an imaginary cube root of unity, and so for the other two terms. The factors 
of ofx^ might be calculated from the identical equation 

JY 2 +2/YZ+cZ 2 =9(l+8/>y*%Y 2 +;sZ 2 +2&rYZ) 
+ {(y 2 +2lzx)Y+(z 2 +2lxy)Z} x 

l%xyz 2 [(3iy- (1 + 2l 3 )zx) Y+ (3ZV— (1 + 2l 3 )xy)Z] \ 
I -Q[(y 2 +2lzx)Y+(z 2 +2lxy)Z] i 

I remark, that putting x=0, we have 

6Y 2 +2/YZ+cZ 2 = -y 3 z 3 (y 2 Y+z 2 Z) 2 , 
and hence writing 1 for Y, and —1, -co, — u 2 for Z, we have 
b+c-2f= -y 3 z 3 {tf-z 2 Y, b+ca>-2*>J= -fzXf-rfz 2 )*, b+c*> 2 —2a>f= -fz^f-rfz*) 

and hence the product of the three factors is — y s z 9 (y 2 — z 2 ) 2 (y 2 — a?z*y(y*— »V) 2 , which is 
equal to —y 9 z g (y 3 —z 3 y(y 3 -{-z 3 y, which vanishes in virtue of the assumed equation x—Q. 
This shows that the function b 3 -\-(f— 8f 3 -\- 6 bcf contains the factor x. I have not veri- 
fied a posteriori, but I assume it to be true, that it contains in fact the factor x 6 , and con- 
sequently that the expressions for x\, y x , z x are rational and integral functions of (x, y, z) 
of the degree 25, and containing respectively the factors x, y, z. 

46. In the theory of the cubic, a point which depends linearly upon a given point 
may be termed a derivative of such point. According to a very beautiful theorem of 
Professor Sylvester's, the coordinates of a derivative point are necessarily rational and 
integral functions of a square degree of the coordinates (x, y, z) of the given point ; and 
moreover, there is but one derivative point having its coordinates of any given square 
degree to 2 , or, as we may express it, only one derivative point of the degree to 2 - The 
successive tangentials are derivative points of the degrees 4, 16, 64, &c; the third point 
of intersection with the cubic, of the line joining two derivative points of the degrees 
to 2 and n 2 respectively, is a derivative point of the degree (m+n) 2 . Thus the third point 
of intersection with the cubic, of the line joining the given point with its second tan- 
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gential, is a derivative point of the degree (4+1) 2 , and it is easy to see that the degree 
is not 9 ; it is therefore 25. The point of simple intersection of the five-pointic conic is 
a derivative point of the degree 25 ; it is therefore, according to Professor Sylvester's 
general theory, identical with the point given by the former construction ; this agrees 
with the before-mentioned theorem of Mr. Salmon. 

IV. Independent investigation for the Cubic. 

47. The following is, in substance, the method by which I first obtained the equation 
of the five-pointic conic, for the cubic 

X 3 +Y 3 +Z 3 +6ZXYZ=0. 
Write for shortness 

U = x 3 -\-y 3 -\-z 3 -\-Qhyz, 

V =(x?+2lyz)K+(y 2 +2lzx)Y+(z 2 +2tey)Z, 

W=(X 2 +2ZYZ>+(Y 2 +2ZXZ)y-f-(Z 2 +2ZXY>, 

T =X 3 +Y S +Z 3 +6ZXYZ, 

P =ax-\-by-\-cz, 

n =aK+bY+cZ. 

Then X, Y, Z being current coordinates, and x, y, z the coordinates of a point of the 
cubic (so that U=0), the equation of the cubic will be 

T=0, 

and the equation of a conic having with it an ordinary (two-pointic) contact at the point 
(x, y, z), will be* 

2W-nv=o. 

48. Now imagine from the point of contact lines drawn to the other four intersec- 
tions of the two curves ; in the case of the five-pointic conic, three of these lines will 
coincide with the tangent V= 0, and the remaining line will be the line joining the point 
of contact with the point of simple intersection. The equations of the lines in question 
can be found by Joachimsthal's theorem, viz. if (x, y, z) be the coordinates of a given 
point, and (X, Y, Z) current coordinates, then if in the equations of any two curves we 
substitute for the coordinates, a^+jU-X, Xy+pY, %.z-\-jjJL, and between the equations so 
obtained eliminate A, p, the resulting equation will be that of the lines drawn from the 
point (x, y, "z) to the points of intersection of the two curves. The point (x, y, z) is any 
point whatever, and it may therefore be a point of intersection, or, as in the present 
instance, a point of contact of the two curves ; the only difference is, that in either case 
the degree of each equation as regards (A, p) is reduced by unity, and the degree of the 
resulting equation in X, Y, Z is also reduced by unity : in the case of a point of simple 
intersection this is the only reduction ; but in the case of a point of contact, the result- 

* I have introduced the factor 2, to make this correspond with the form D 2 U— nDU=0, in the case in 
question, ««=3. 
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ing equation contains the equation of the tangent as a factor, and rejecting this factor, 
the reduction in degree is two units. 

49. Applying the method to the two equations, Y=0, 2W— ITV=0, and substituting 
therein for the original current coordinates X, Y, Z the values ta?+f/X, \y-\-/ji>Y, 
\z-\-^Z, the equations become 

X 3 U+ 3XV*V+ 3x l «, 2 W+ l a, 3 T= 0, 

2(?. 2 U+2x 1 « ) V+^ 2 W)-(xP+ i «,n)(XU+^V)=0; 

or writing U=0, and omitting from each equation the factor p, the equations become 

\*SV+\p.3W+[i?T =0, 

X(4-P)V+|«,(2W-nV) = ; 

and putting in the first equation X=2W— IIV, p=- — (4— P)V, the result of the elimi- 
nation contains the factor V, rejecting which it becomes 

3(2W-nV) 2 -3(4-P)(2W-nV)W+(4-P) 2 VT=0, 

which is of the fourth degree in (X, Y, Z), as it should be, and represents therefore 
the lines drawn from the point of contact to the other four points of intersection of the 
conic and cubic. 

50. The equation may be written 

-3(2W-nV)((2-P)W+IIV)+(4-P) 2 VT=0, 

and we obtain at once the condition that this may contain the factor V, viz. this con- 
dition is 

P=2; 

and if this be satisfied the conic will have a three-pointic conic, and there will be three 
other points of intersection. And writing P=2, and throwing out the factor V, we find 

3n 2 V-6nW+4T=0 

for the equation of the lines from the point of contact to the three points of inter- 
section. And we have now to determine II so that the function on the left hand may 
divide by V 2 . 

51. I simplify my original method by the use of a theorem of Mr. Salmon's, viz. 
writing 

r=X 3 +Y 3 +Z 3 +6ZXYZ, $>=Z 2 (X 3 +Y 8 +Z 3 )-(1+2£ 3 )XYZ, 

W=(X 2 +2£YZ)tf+-- , ®, = (3Z 2 X 2 -(l-f2Z 3 )YZ )*+.., 

Y=(x»+2lyz )X+.- , H 1 =(3ZV-(1+2Z 3 )^ )X+.., 

V=x 3 +y 3 +z 3 + 6lxyz , II = P(x 3 +y 3 +z 3 )-{l+2l 3 )wyz 

we have identically 

TH-Ufc=WH 1 -V$ 1 , 

and in the present case, since U=0, 

TH=WH 1 -V1 I . 
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Hence, multiplying by H and substituting this value of TH, the equation becomes 

3Hn 2 V-6HnW+4WH 1 -4V^ 1 =0, 
or, as we may write it, 

V(3Hn a -4|| 1 )+2W(2H 1 -3Hn) = 0; 

and we can at once make the equation divide by V, viz. by assuming 

where A is arbitx*ary. We have thus a four-pointic contact. And substituting for II, 
and throwing out the factor V, the equation becomes 

3H(|§+iAv) 8 -4t I +2W(|HA)=0 ; 

or reducing, 

16(H?-3H1 ] )-36H 2 AW+24HH 1 AV+9H 3 A 2 V 2 =0, 

which is the equation of the lines drawn from the point of contact to the remaining two 
points of intersection. 

52. I write for greater convenience 

® 

A— _4_ ; 

being as yet indeterminate, the equation is thus reduced to 

9H 3 {H(H?--3Hl 1 )+©W}-6H 2 H 1 ©V+e !! V 8 =0. 

And we have then to determine © so that the left-hand side may divide by V; or, what 
is the same thing, we must determine so that 

H(H?-3H&)+0W 

may divide by V. This implies the existence of an identical equation, 

H(H 2 ~3H1 1 )+0W=MU+NV, 

which for U=0 would give the decomposition in question; but I have not investigated 
the values of M and N. I assume at the outset U=0, and putting, as before, 

Q=fz 3 +zW+a?f— SPafy V, 
and writing also 

S= Xx[(l+8l 3 )cc i +(il+ill i )x*yz+(-2l*+2F)fz 2 ] 
+ Yy [(1 + 8Z»Y + (4J+41l*^zx+ ( - 2P+2Z 4 >V] 
+Zz[(l+8Z> 4 +(4Z+41^> 2 ^/+(-2^+2^y], 

1 remark that for U=0 we have 

-^H 2 +VS+(1+8Z 3 )(QW-3^^ 1 )=0, 
an equation which, observing that 

H=— (l+8P>ppe, 

and assuming also 

® = (l+8l 3 fQ, 
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may be written 

H(H;-3H&) + 0W=-(1 + 8P)VS, 

which gives the required decomposition, so that having this value, the conic will have 

a five-pointic contact. Eeducing by the last equation, and throwing out the factor V, 

we find 

-9H 3 (l+8/ 3 )V-6H 2 0H 1 + 2 V=O 

for the equation of the line joining the point of contact with the point of simple inter- 
section. And if in this equation we write H= — (l + SP)xyz, and 0=(1 + 8Z 3 ) 2 Q, we 
obtain, finally, for the equation of the line in question, 

9x 3 fz 3 S~ 6aty VQH, + Q 2 V= 0, 

which is the before-mentioned result. 

53. It only remains to verify the assumed equation 

-^3H 2 +VS+(l + 8Z 3 )(QW-3^y2 2 i 1 )=0. 
We may write 

—Q=x 6 +Qlx 4 yz+SPxyz 2 —y 3 z 3 , 

and then observing that 

W= xX*+.- + 2lx YZ+- , 

$, = 3^X 2 + • • - (1 +2Z>YZ - • ■ , 
we find at once 

(1 +8PXQW- 3atyV&)= 

" (a?+6la?yz+12Pafyz -xy 3 z 3 )X! 2 



-(1 + 8Z 3 ) 
Next writing 



+ (2lx 7 +12Px 5 yz-^x 3 y i z'-2lxy 3 z 3 )YZ 



H 1= (SPx 2 -(l+2P)yz)lL+.., 

V= (x*+2lyz)X+.., 

S = x{{l+SP)x i +{U+4\P)x 2 yz+{-2P+2P)y 2 z i }lL+ •■, 

and forming the expression for 

-xyz~Kl+YS, 
the coefficient of X 2 is 

-xyz {3Px 2 -(l+2P)yz} 2 

+(x 2 +2lyz)x{(l + SP)x 4 +(4l+41l i )x 2 yz+(-2P+2P)y 2 z i }, 
which is 

= (1 + SP)(x 7 + Mx*yz + 12PatyV— 3y»*») ; 

the coefficient of YZ is 

- 2xyz(SPy 2 - (1 +2P)zx) (3/V- (1 + 2P)xy) 

+ (tf+2hx )z { (1 + 8Z 3 > 4 + (41+ 41P)z 2 xy + ( - 2P+ 2P)x 2 y 2 } 

+ (z 2 +2lxy)y {(1 -f SPy +(4,1+ 41P)fzx+ (-2P+2P)x 2 f) , 

MDCCCLIX. 3 G 
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which is 

=(1 + $l 3 ){fz%f+z i )+ 8lxfz 3 +l2Pa?yz(f+z 3 ) +2lx(y 6 +z t )-2x 3 y 2 z 2 } ; 
or substituting for y 3 +z 3 and y 6 -\-z 6 the values —x*—Mxyz and (x 3 -\-Qlxyzf— 2fz 3 re. 

spectively, this is 

(1 + 8? )(2lx 7 + 12Vxfyz- Sx'fz 2 - 2lxy 3 z 3 ). 
We have thus 

-wyzHl+VS 

(tf+Qltfyz+mVyz-xy'z^X* 



= (1 + 8Z 3 ) 
and the equation 



is thus verified. 



+(2lx 7 +12Px s yz-3xyz*-2lxfz 3 )YZ 
ayaH;+VS+(l+8PXQW-3ay«^i)= 



Addition. — The foregoing memoir was communicated to Mr. Salmon, and I am in- 
debted to him for two notes, containing the extension to a curve of any order, of the 
preceding investigation for the case of a cubic ; I reproduce this extension in the follow- 
ing section. 

V. Extension oftlie last preceding method to a curve of any order. 

54. Consider the curve of the m-th order Y=0, and in the place of the coordinates 
write X^+(!aX, Xy+f/Y, Xz+^Z, where, as before, (x, y, z) are the coordinates of the 
point of the curve, and X, Y, Z current coordinates ; the term involving X'" vanishes, and 
dividing out the factor p the equation becomes 

X m -'DU+iX m ->D 2 U +iX m -> 2 D 3 U+^ 4 -X m -> s D 4 U+ &c = 0. 

Making the like substitution in D 2 U— nDU=0, the assumed equation of the five- 
pointic conic, the factor \b divides out and the equation becomes 

2x(m-l)DU+^D 2 U-(xP+^n)D 2 U=0, 

or, what is the same thing, 

ADU(2(m-l)-P)+K D2U - nr)U )= J 
and if from the two equations we eliminate X, p, the result, throwing out the factor DU, is 

(D 2 U-nDU)'"- 1 -|(2(m-l)-P)D 2 U(D 2 U-nDUf- 2 +&c.=0, 

where all the terms after the second contain the factor DU ; the condition in order that 
the equation may divide by DU, is consequently 2(m— 1)— P=2, or P=2(m— 2), the 
condition of a three-pointic contact. Substituting this value, and dividing by DU, the 
equation becomes 

- n(D 2 U- nDU) m - 2 +|D 3 U(D 2 U- nDU) m - 3 -|D 4 U . DU(D 2 U - nDU)"'- 4 - r -&c. = 0, 
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which will be divisible by DU if — nD 2 U-J-§ D 3 U is divisible by DU, and the condition 

for this is found to be, as before, 

n=f^DH+ADU, 

where A is arbitrary ; we have thus the conditions of a four-pointic contact. 

55. Substituting this value of '. 
there exists an identical equation, 



55. Substituting this value of IT, we see that D 3 U — tj DH.D 2 U divides by DU, viz. 



and hence if U=0, 



D 3 U-pDH.D 2 U=IU+J.DU; 



^(D'U-gDH.W^J, 



DU 

where J is a quadric function of (X, Y, Z). I do not know the general form of this 
function, but Mr. Salmon has obtained a result which may be generalized as follows, 
viz. writing for X, Y, Z the values Be— Cp, Ck—Av, A^— Bx. (where, as before, A, B, C 
are the first derived functions of U and X, p, v are arbitrary), the expression for J is 

a formula which will be presently useful. 
56. The foregoing equation may be written 

(D 2 Uf- 3 (-nD 2 U+|D 3 U) 
+(D 2 Uf- 4 DU{(m-2)n 2 D 2 U--t(m-3)nD 3 U-|D 4 U}+&c.(DU) a ... = 0; 
and the term — IID S U+|D 3 U is equal to 



^D 3 U-gDH.D 2 u)-ADU.D 2 U=tJDU-ADU.D 2 U. 



Substituting this value the equation divides by DU, and throwing out this factor it 

becomes 

(D 2 U) m - 3 (fJ-AD 2 U) 

+ (D 2 U) m - 4 {(m-2)n 2 D 2 U-t(w-3)nD 3 U-iD 4 U}+&c.DU=0; 

or observing that fITD 3 U=n 2 D 2 U+ term containing DU, this may be written 

(D , Uf- s (fJ-AD 2 U)+(D 8 Uf- 4 (n s D ! U-|D 4 U)+&c.DU=0. 

57. If the equation divides by DU we shall have a five-pointic contact ; the condition 

for this is that 

- A(D 2 U) 2 + f JD 2 U + B7D 2 U -|D 4 U 

may divide by DU, or more simply that 

- A(D 2 U) 2 +fJD 2 U+£ (gDHVD 2 U-lD 4 U 

may divide by DU, or, what is the same thing, the function in question must vanish in 
virtue of the substitution of the values Bv — Cjm., Cx— Ac, A^—B^. in the place of X, Y, Z. 

3 g2 
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The expression for J has just been given ; we have besides 

where the values of Q*, Q 4 are given (ante, No. 27); we have thus 
58. ^j(D 3 U-lDH.^u)= 3 -^f ) <I>- I ^ ip n&, 

9 \R J - (m-1) 2 ^ 3 j^zyf jf^ 9 ^^y 2 jp *» , 

_1T)*TJ J 2(m-2)(m-3) (m-3) x 1 ny 

— 3^ U — »| (m-l)« V±1 +3 (w-1) 4 3 («-l) 4 



and 
whence 



(m — l) a 



_1_ 

(m-1) 4 



A7~-rv4 H2a4 = 



2. I -o-cxa ( 3(m — 2) - _J__ n c\ 
~3 (m-l) 2 * 1 ^ \ m-1 Vy- (m-l)H U ^ 

(m-l) 2Xi;3 \ (m-1) 2 ^^3 (m-l) 2 H u ^ ^(m-l) 2 H 2TS 

_L«tf/ 2(m-2)(m-3) 9 (m-3) 1 IT 

and consequently 

A=i(4¥-3nH), 

which agrees with the result before obtained, and thus the present method gives the 
complete solution of the problem. 



